MATHEMATISCH - CENTRUM
Ze BOERHAAVESTRAAT 49
AMSTERDAM

AFD. TOEGEPASTE WISKUNDE

Report TW 49

zsﬁz .
Free oscillations of a fluid in aYrectangular basin

by

D. van Dantzig

1953

BRIBLIOTHEEK MATHTE PATIECH CENTRUM ‘

ARG TERDAM




. Introduction

The present s
otating rectang
investigation
th Sea basin, T
dered by three
, 1954). The de
rmonic) value o
r into the oces
not be unrealil
n rectangular s

p ocean.

Tidal oscilla
died by a numbe
y consildered on
sts.

Rayleigh (190
rotation (1)
lor (1922) gave
tangular sea. J
pointed out th
ed in Taylor's
nd the basin in
ferent method t
n £l is small,

formula

dsbrough (1931)
illations in a
e of a square s
firmed. Proudma
showed that by
b's formula can
ered free oscil
iteration metho
The flood dis
earch in this f

concerns the free tidal oscillation
sea. This problem is of importance
the behaviour of the free waves of
rth Sea has roughly a rectangular s
s and open at one end. (Cf. D. van
aries only a little and has the ave
ghly 65 m. At the open end the sea
ch has a depth of some 1000 m., So 1
to consider the mathematical model

constant depth bordering on an inf

in rotating rectangular seas have
mostly British, investigators. How

e case of a closed sea surrounded b

9) considered the free oscillations
all but some of his results were in
first complete solution for a close
ys (1925) criticized Taylor's concl
double infinity of eigenvalues was
ion and that there might be modes m
directions. Lamb (1932) derived by
proximations to the lowest eigenval

rticular he obtained for a sguare s

w - w =+ l% L.
T

an approximate solution for the fr
ing rectangular sea. In particular
s investigated and Lamb's formula w
33) re-examined Rayleigh's investig
rrect application of Rayleigh's pri
btained, Corkan and Doodson (1952)
ns in a rotating square sea. By the
number of numerical cases were trea
of February 1953 stimulated furthe
Van Dantzig (1954) gave a review o

ly

9]




-

results obtained at tre Mathematical Centre, At that time
gsome preliminary results concerning the free oscillations

in an open rotating rectangle were obtained. More recent

work is reviewed by Van Dantzig (1956,1958). In the sub-
sequent reports of the Mathematical Centre some aspects were
treated which are of importance also in the case of the free
motions. Lauwerier (1955,1957b) and Veltkamp investigated a
type of trigonometrical expansion which appears here in é 6.
Veltkamp (1956a) discussed at length the Kelvin and Poincaré
waves which appear here in §$3,4 and 6. Veltkamp (1956b) also
considered in detail the nature of the singularity which is
introduced at the confluence of the coast and ocean boundary.
Lauwerier (1957a,1958) considered the free motions in an in-
finite strip with a coast and ocean boundary and in a seml-
infinite strip with three coasts, The latter case 1s not ex-
plicitly dealt wi’h here but can easily be obtained as a

limiting case of the rectangular basin of §4 or also of §6,

Summary. The free motions and the free periods depend

on the Coriolis coefficient {1 and the coefficient of friction\.
Llthough later on only the case of real f1 (and A=0) is
mentioned explicitly, the results are valid for complex L
also, so that by the transformation mentioned the case A#0
(anc real L)) also is covered. In §2 it is shown following
Veltlkamp (1956a) that by a complex transformation the case
A#£0 can be reduced to the case A =0, which therefore is the
only one that need be considered, For £ =0 the problem is
elemen-ary and in the rectangular cases of §4 and §6 a
discrete spectrum of eigenvalues 1s obtained. For £ £0 only
those eigenvalues are considered which for f1.--0 tend to
this discrete spectrum. A possible continuous spectrum 1s
left ont of consideration here.

In &3 the -well-known- case of an infinite channel 1is
treated. In @4 the problem is solved for a rectangular lake
by making use of the familiar technique of operators in
Hillert spece., The formal solution obtained in this section
is Ceveloped for small &0 in §5. As a specialization the
case of a square rotating sea is considered, The results

obtained in this section Include those obtained by the
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authors mentioned above,

In é 6 the case of a rectangular bay is dealt with. The
results obtained in this section are all new, Again an ex-
pansion of the eigenvalues for small 2 is derived. For the
lowest eigenvalue we obtaln for a bay which is twice as long

ag it is wide

so that a slight rotation tends to increase the Iree period,
which is in contrast to the case of a rectangular lake. In
the same dimensions as above we find in the latter case
2 b
L= 1 4+ 0.300° + 0(L1

“o

) .

The treatment in this paper is not in all respects satis-
factory since the answers obtained arevalid for small L) only.

By using expansions of Fredholm type for the resolvents
this rectriction could have - but has not -~ been avoided.
Therefore the results obtained here are applicable to a
laboratory model of a rectangialar basin rotating with not too
large velocity, rather than to the North Sza where L ois
rather large, In view of the considerable complications
occurring hcecre the determination of the orthogonal functions
into which an arbitrary elevation pattern might be expanded
has not been carried out.

I am greatly indebted to Dr H.A. Lauwerier and Dr D.dJ.
Hofsommer for carefully studying the ftext and improving it on

several points.
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I

Exposition of the problems

We consider a plane shect of water of constant density 1 and at
equilibrium of depth d, rotating with angular velocity L. We
assume quantities of higher order than the first in the veloci-
ties and their derivatives to be negligible, and friction to be
repfesentable by a force parallel to and proportional with the
veloclty, and the pressure distribution in a vertical column to
be the same as in the stationary state, so that the equations
in three dimensions can be integrated over the depth of the sea.
Let x and y be orthogonal Cartesian coordinates in the plane;f
the height of the free surface above its equilibrium level; u
and v the components of the current i.e. the velocity integrated
over the depth (H. Lamb denotes our d, n and v by h, hu and hv
respectively); wq and W2 The components of the exterior force;
A the coefficient of friction; and g the acceleration of gravity.
Then the equations of motion and of continuity, integra-
t.d over the depthare

AU -0V +@—9-+gd Aoy
2t X 1
OV dF
2.1 0+ AV + f= 4+ gd & =Y
(2.1) at oy  °
Q}j“- - QV, - @.‘S =0

dx% Dy DL
We assume g, d. A and . to be positive constants, We may then
choose the propagation velocity v”ga of free waves in the absence
of friction and rotation as the unit of velocity, so that gd=1.
In the case of a basin having roughly the mean depth of the North
Sea, this unit of velocity is about 100 km/h (corresponding for
g = 9,81 m/sec2 with d = 78,7 m). We further assume the basin
either to be hounded on all sides by impenetrable coasts (i.e.
the influence of rivers, estuaries, flat shores etc. to be ne-
gligible), or partly by such coasts and partly by an infinitely
deep ocean., Along a coast the normal component of the velocity
vanishes; along an ocean the height of the sea level is constant,
i.e.f= 0.
We want to study the free (damped) oscillations of a rectangular
basin only. Then W1=W2=Oﬁ and ggtv and‘f are the real parts of

guantities proportional with e s Wwhere © will be complex with
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positive imaginary part for A\>0. Denoting the proportionality
factors by the same symbols, (2.1) passes into

(iwtr)u -ov + aF _ ¢
0X
(2.2) ou + (iwtN)v + 2L = o
oy
Q3-+-§l +iwl =0 .
DX oy

By means of a complex change of scale These equations may be re-
duced to a system having the same type (and the same boundary
conditions), but without friction (Veltkamp, TW 37). Therefore
we put

Q.
[©)
]

i
2

| LA

W 2w (1 -F)
def LA -3

(2.3) o & 0 (1-F)
rdef LA -2

PrEF -3

thereby obtaining a system of the form (2.2), with u'=u, v'=v

and A '=0. If the free frequencies for this system under given
boundary conditions have been obtained in the form ' =\P(a')
then @ is obtained by solving the equation

(2.4) m(ﬂxi—‘l)%=\0(TQ(1~%§)“’5),

IfoA <<}wl we obtain the first order approximation
(2.5) w=YPE) + iiA [’H_Q\P’ (_Q.)/\P(.Q)] + 0f )\2/@2) ,

Hence the periods remain unaltered to a first approximation, but
the oscillations are damped, the damping factor

exp ~%A{1+fl@'@1)/4361)1 t being computable as soon as P () is
known for real ) only.

Similarly, if f’ =y () = %j(jl‘,x,y) then

(2.6) $=y (@) -1 éfclo[ap(n) ‘QW")J L0 (A2/w?) .

Hence the amplitude of § for A > 0 is obtained to a first approxi-
mation from that for A= 0 by multiplication with the damping facto
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7) exp — Eé\? [W(ﬂ) -y (Q)]{:

therefore sufficient to consider the frictionless case only.
By dropping the primes, or also by putting A= 0 in equations
2) these simplify to

iou -Qv +2& = 0
OX

8) Qu+i@v-+a—$=o
oy

MU LY 4wl =o0.
QX Oy

It follows that

AU - Kgu = 0
9) Av - ng =0
2
b8 - Kp =0
. 2 2
re A def @2 + bp and
AX oy
2 C
10) Lo 6.

Moreover we notice the relations

uo= K78 (i of +0 Qﬁ)
AX oy
1)
-
v= k2@ ie 2
x y
N 3
¢ 4o S oy _ o
&yg Wy 1o 5% 3y
.12)
a2 5 2
-—-—é—+mv=i£1@u-—@-—9—- .
Ay OXAY

fFinite channel

r convenience we reformulate the long known solutlons for an
finite straight channel of (constant) width 2a. We choose a/Tr
the unit of length, so that a/T VEE becomes the unit of time.
the channel has the mean width and depth of the North Sea, the
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unit of length becomes roughly 125 km, and the unit of time accor-
dingly 1,25 h, At the latitude of the North Sea (L is roughly
0,44 hmqﬁ i.e. 0,55 in our dimensionless units.

Choosing one coast of the channel as the axis of y, so that the

two coasts become x=0, x=T, the boundary conditions are
u=0 for x=0 and X=T

We consider solutions (u,v,§) only which are (for almost every
y) quadratically integrable (shortly: 61?) over 0<£x<L 17T so that
the theories of Fourier series and of Hilbert space can be applied,

Every uejL2 on this interval has a development

+ o )
inx
u = E un(y) e
—_—0 ivny
The first differential equation (2.9) requires un(y) s e where
def 2,.2 2 2 2
(3.1) v 25 Vi (K® =52 w?)

Hence, 1f & denotes a variable, running through the two values
+1 and -1 (or also: through the two signs + and ~), summation over
which is denoted by a small £ , we have, inserting a factor
-31(n%+0%)

. :
u = -tix 2 c,, (0240 ?) oIrxFTE vy

In order that the boundary conditions be satisfied, it is neses-

sary and sufficient that

& _ A€
(3.2) ¢S, = -C.
i.e, that the Cf are odd functions of n. Hence u is a linear combie-
nation with coefficients (n2+512)0§ of the elementary solutions
&vny "
e sin nx

which, together with the corresponding v andj’, obtained from (2.11)
by substituting for these unknown linear combinations of the

inx-¢ .
VnY, are called "Poincaré waves". From (2.11) however, we see

e
that we still have to add the solutions of the corresponding homo=-
geneous equations, together with u=0, the socalled "Kelvin waves",
These can also be obtained formally from the Poincaré waves by substi-
tution of -ifa for n, iw for v, . S0 we obtain the general solution

for the infinite channel with a slight change of irrelevent constant




ffactors:
= & o inx-ev_y
u = -1 £ 2. Cn(nL+§L2) e n
— & inx-ev_y . o &
(3.3) v= 3 52 Cn(Snvn+£lm) e n -Z;cg e°<ILX 1y iwa
- Sz inx=-¢év y ool
R

where Z: denotes a summation over all integers n and Z one over the
two values € = +1 and & = -1, or also over the two signs £ = + and
€ = —,whereas the conditions (3.2) must be satisfied. We notice
that v_n: | 80 ?bat the Poincaré wave parts of Y andlf contain a
tern (C5nw, ¢ eQy, respectively) which is an odd and one

(€ Cg ny s cé new respectively) which 1s an even function of n.

n
By means of (3.2) the equations (3.3) become
& =€V ¥
&
u =2 Cn(n2+112) sin nx e n
/1
L ¢ =&Y ¥
(3.4) v =57 C (Env cos nx+ 1Qwsin nx) e +
/]
£ AT -k
5o L lax-iwy-3m0)
20 ~&v,y
_f‘szZi Ci(inogcos nx+&0y sin nx) e 74
/\

-——Z«Sca eé(.(lxd@y-%wfl,) .
The fact that the two Kelvin waves appear to be analogous with

a pair of Poincaré waves could be exploited by treating them all

on the same footing by using the calculus of residus instead of

.g. be done in a complex Y -

. The twovaluedness of n(y) 1is

the calculus of series. This can e
plane, with n=n(v)= i(v2+co2~£12)%
not serious, as only even functions of 1t enter into the integrands.
With respect to an increasing sequence of domains asymptotically
including all zeros of the denominators (or also a single domain
)Imv}<a, where as(w|), we obtain instead of (3.4), with a function

C(v), holomorphic in the (limiting) domain,

_ & sin n(v) x ¢(») e Y
tenmn(v)

E}vrﬂv) cos n(yP)x + 1w sin n()x c(v) VY
2 2
(D +WT) tanTn(Y)

(3.5) v =




:§ B E) fwn(d) cos n(»)x +0P sin n(P)x c(v) Y

(®2+Qg) tanTTn(y)

» & denotes the sum of the residuals+

2 2
4w -0"<4

“

:nts (3,4) will only be considered as solutions of our problem
and v belong (for almost every y) to the class L2 of quadrati-
; integrable functions of x on 0< x< 7. The same then is true
)Y/dx and dF/dy, and a fortiori for ¥ itself. The condition
juivalent with saying that the sequences n2 Cé?e"8~»ny belong
both € and 2ll y with 0<y<b to the class 1, of quadratically

able sequences, or also:
Zinqk ct
n

series occurringin (3.4) and later need not be convergent

> shall, however, not make use of this calculus. Formal deve=-

ezblPephl -

° <

ywhere ,

angular lake

>w pass to a rectangular lake (i.e. a basin bounded completely
npenetrable coasts) of length 2b, which we may consider as a
1el 0« x< 1T , bounded by dams at y=b and y=-b. Hence we have
ibmit the solutions (3.2) - (3.4) to the new boundary condi-

5

v=0 for y=b and for y=-b .,

xplicitly we obtain
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2 e -Evnb
s2.C. e (nv  cos nx+iw sin nx) =2ZC
1

& E(Qx-inb-gma)

o]

(4.1)
o0 EV_D & 4 L
ZZ;CE e Il(&nvncxm nx+iw sin nx) =£C esﬁﬂjﬁqwb”iwgg
p :
or, by taking sums and differences of corresponding mewhers, and
putting

(1.2) a * 9L s o] a - 2L 45 ¢

2. cosh v b(nv d Yeos nx-wo d_"sin nx) =
1 n nn n

1
cos W bZ.C‘5 eEIL(X'2“ﬁ

- -
2 sinh v b(n» d_ cos nx+wQd * 5in nx) =
] n n n n

sinwbs € ¢ efjl(xm%w)‘
We notice that the number i does not occur explicitly anymore,
although it may occur implicitly in some q)n] viz., if >>n2+jl%
The problem is: to determine all values of o, for which non
vanishing systems (dn+,dnm,c+,c") exist, and the corresponding
solution (u,v,§)¢

For {). = O the solution is trivial. As the functlons cos nx for
n> 0 are all independent, it is necessary and sufficient that all

coefficients vanish, i.e.
(cos<g}ﬁzca =0 (sincotﬂZE;Ca = 0

-+ - - o _
dn_'pncoshvrp =0 dn ‘vnolnﬂﬂ%P =0 .

Hence either sin 2wb = 0 or sin E‘Dnb = 0 for some n. The latter

condition gives 2 vnb ik for some integer k, i.e.

+ (0% + %~w2 k%)

t

o

il

(b.4) w

The solutionsof sin 2wb = 0 also have the form (4.4) with n=0.
The solutions belonging to an o of the form (4.4) need not be

unigue, as more than one pair (n,k) may give the same which

then is a multiple free frequence. We shall not write down the
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solutions explicitly.
Returning to the general case .l # O we define

+ def +
fn == 1N vndn cosh u%b
(4.5) et
- de . .
fn == n vndn sinh vnb
o _1_ ®
(4.6) .
a (x) 2=£(81n<3'@2“8.c e talx-2T)
so that (4.3) becomes
%@ ctnhv b
ot * cos Nx-wl)  ———— £ T sin nx = a+(x)
n p nv, n
(%.7)
s %0 tanhy b )
Z;fn cos nx+eolly ~———— [~ sin nx = a (x)
1 1 n
mentioned 2

The condition about quadratic integrability/implies that f —-61
For any pair of real functions o, QJEELE (1.e. quadratlcally
integrable, always on 0<x < 7w ) we define the "inner product"

(+.8) (P, ) &£ %/@m POET ax

0
(notice the factor 2 1))5 and for any 4)the norm

(4.9) ol £ (P, 9)

The cosine development of a function %)on'o<:x<TT is

[\)li—-'

(4.10) P (x) ZZ""X me cos mx

1f the series converges, where

““““““““““““““““““““““““““““ R =Y

1) It is possible to drop this factor 2 and use 2. instead of Zi%
- By <

throughout by defining the coefficients in an appropriate way
for negative n also. Advantages and disadvantages of this change
of formalism as well as of replacing the interval 0,1 by =:1T,
39 or =T, +T are approxlmately in balance.
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Q

(4.11) P L (cos mx, P(x))

whereas the symbol Z# denotes a summation over all positive inte-
gers m together with half the value of the summand for m=0. From
(4.8) - (4.11) it follows that

(P,P) =Z, P P
el -5, ol

in particular

il

In particular for
(4.12) I def (cos mx, cos nx) (m>0, n=0)
we have

(
(4.13) I =?ﬁ2 if m=n=20

and for all(P

Also, for

(4.14) Yﬂm,n gﬁ& (cos mx, sin nx)
we have, F’mn = 0 if m-n is even, and Tﬂmn = Mn/TT(ng-mg) if nAm
is odd, i.e.
(4.15) U -1_n p(n-m)
* mn T n2”m2
where
0 if k is even
def Kk
(4.6 o(k) £ 3 [1-(-n)¥] -

1 1if k is odd .

In particular

(4.17) m =0 I hp(n)

Hence

(4.18) sin nx =:Zl*cos mx (0<xL ™)
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>reover we have

]

9) Cos mx = EZ*\ o Sin nx (0<x< 1)

oQ (8]
=, of course, the symbol Z#fmight be replaced by Z_ or Z_ .
> notice the identities L ©

o) 2 0 T I

n ¥ 1n mn in

1) Z F r‘ ) IO def g I, M k # 0
m ¥ mk mn -~ “kn
1 0 it k =0
10 =1 (1—(§ ). Moreover | = —12 [’ unless n=0
kn kn ko’ © nm n o mn ¢

uilding the inner products of both members of equations (4.7)

cos mx we obtain for m>0

xR ctnhy b
+ n - +
£ —-@DKL;?,T;H —~532:~— £ = (cos mx, a (x))
2)
> anhy b
- i -
£ +Q)fl£i‘hm1-?ﬁrﬂ4- fn+ = (cos mx, a (x))
d ' n

or m=0 (4.22) remains valid provided we define

+ def o - def
3) £ =0 £, ==0
efining for m=0
"i' 1
) L der £
) a, == (cos mx, a (x))
ave, because of (cos mx, eAX) = ~—~%2L§— [}—ﬂ}m evk —;}
T(m+A%) -
+ 2 (L & m Ewik -0
5) a_ = coswb Z&C IE~4) —{] e 2 =
T (P
)'QH-Q + s a1 1
—=—%— b sinh 5L coswb m even
To(m=+0")
' _-%££g~ b~ cosh STLL coswhb m odd




e DI

: : W1
am' —néi%q sinwbs C&&mﬂfne&Wﬂ'vQ g 2 &AL
T (im0
«——£££§~ bt sinh LT sinwbd m even
(m +007)
-?~%££§Y b~ cosh sTLL sinwb m odd
m O
where
. f 3
(4.26) pt def 5 ¢ p- 48 50 "

+
Because of (4.25) the a_ =~ are €1

a fortiori € 1° (quadratieally summable).

1 (i.e. absolutely summable), hence

Defining moreover for n >0

L def ctnhvnb
Kmm = ' mn 0
(%.27) _ gef Iﬂ tanhynb
Kmn = ''mn nv;mm
+
and KE& del 0, then equat.ong (4.22) become
Lot S .+ o - +
(4.28) £ —COSLZmen fn = a,
.- S - -
£ +mo£1.Z#Kmn £o=a, .
+
We notice that X have finite norms ]IK—k‘°
) H qer S5 |t oo }tan ) bz+ S D
LENP e 50 5 7P 2 2ol
m ¥ n¥ 1 n”lDA m -
oo
21" ) an vy bl+ 2
= g L 00
Y

(by 4.21), as for n —>ce tanhy b —> 1 and ’Dn/n —_ 1,

Denoting vectors and matrices in Hilbert space, by the same
symbols as their components with the suffix(es) omitted, equations
(4,28) may be written shcetly 1)

o s G R w pes G W G G G GGD G U D M €S i o W M G me o B G

1) Using the same notatlon thc wdentltles (4.20), (4.21) take the
simple forms F7F] = I, Yﬁ M= 109 , where "' denotes the transpose
of the matrix [,




5=

p_ww rT o= a2t
(4.29)

£ oroL K £ =2

We have now to Ian the non trivial solutions (f+5 fm, C+y ¢T)

of (4.29) with (L. 25) suogect these to the conditions (4.23), and
finally to solve (4.5) for the dni, This latter solution is only
possible and unique if sinh 2$hb £ 0. This condition is not neces-
sarily satisfied, but it will, for gilven L)L, only be violated for
special values of b (and vice versa). This occurs if and only if,
analogous with (4.4)

(4.30) w2 20 4 n° 4 TUE/ME

For this reason, we shall assume sinh 29D £ 0 for all ne1, 8O
that solution of (4.29), (4.25), (4.23) is sufficient.
Eliminating in (4.29) either £ or £* we obtain

+ 22+ + + def

£ a“ kx" " =n oty kT2

(%.30)

7 +wen® KK £ = hn”

(o)
=

+

e — -
a =-wlK a .

|

The system (4.29) is equivalent with the one obtained by replacing
one of ifs (vector) equations, say the first one, Dby the corre-
spondiné one of (4.30).

As K™, henca also Km KI have finite norms, the matriced

I +102£12 Ki Kx have, for sufficiently small wIlL, unique twosided
reciprocals R- obtainable for sufficiently small uogglg by a

"Neumann development'

o0
c - 1 .. N
pt e (145202 k) = 2 (mwfaf) (KR
0 ) o 1)2)
.31 _ Aes - - & n - n
R def (T+ QQ—Q-E K K+> 1 _ 7 (-(,021)__2) (KK )L .
o

o G o G G Gow PuE U B Ry B G YR M0 G G e 69 e

1} The fact that in R (cf. also (5.4) below) two different opera-
. tors alternate is not essential. By using instead of (4.27)

r+° def N =T AF(-1T n, (-1
K'DO== + (-1) tmn(non) (tanhv b) = (-1) K,
vy def . (-7
fom == Iy~
we obtain seperate equations for £'7 and f' , each depending on

the corresponding operator K'+5 K'™ only.
2) See page 14,
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We notice that

R™ = T -cQQJL? k- rt xT, kT wr" gt

(4.32) - .
Rt o1 w0 kTR kT, ¥ RT=RT K .

i
=

By means of (4.31), (4.30) can be solved:

et - rt ot
(%.33)

- s wa

F =R h
and subjected to the conditions (4.23) i.e.

+ .+
Z‘>«R0m m =0

(&.34)

Z;rRom h ™ =0,

We remind that an, Km% are only # 0 if m and n have unequal
parity. Hence R i = 0 unless m is even, and only hmi with even m

occur in (4,34). These depend by (4.30) on ami with even m and
an+ with odd n, hence by (4.25) only on T or on b~. Hence we ob-
tain two sets of solutions, one with pT £ 0, bT = 0 the other with
pt =0, b7 # o.
Defining finally
+
(4.35) 97 4L 027 R L (n"+0®)"
+

(4.36) ¢ ELge Zf R K~ (n2+;1?)‘“

we obtain from (4.34), (4.30) and (4025) either b~ = 0, bt £ 0 and

(4.37) §7+ sin himTl coswb —wQeT cos hiTO sinwb = 0
or b =0, b £ 0
(4.38) 9_ sin h3TL sinwb +wQ6 cos hizTMlL coswb = 0

2) If LOQIL2)>)'K+K—H "1 the developments into power series (4.31)
need not exist anymore. The reciprocals Riy however, still exist
unless m(ujljme 1s a latent root of KK (and, equivalently, of
Kk k"), If it is a root of multiplicity r , equations (4.30) re-
quire for their solvability r linear relations for ht and r for
h™: then f+ as well as £~ is determined except for p constants,
Hence in this case also each of the conditions (4.23) implies
@ +1)=r = 1 linear relation between b and b~. We shall not go
into their explicit form, which requires the spectral develop-

ment of K:t K+ .
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§5. Development for small SL

Each of the transcendental equations (4.37), (4.38) for w, given
L1 and Db, 1s extremely complicated. For,to occurs a) implicitly
in the K = through the argument'v = (n +£L - )2 b) implloltly'
in the RO; through the argumentuﬂl c) explicitly through the
factor w ol tanwb. The dependence on L is even more and that on
b almost equally complicated. T

We can, however, develop ? - and 6’—-1n a series of powers of
112, from which approximations to «w for small IL can easlly be
derived (we remind that in ordinary units (L has to be replaced by
(L a/7 Vgd). We shall do this for the first equation (4.37) only.

+ i + _
As Rom vanishes unless m 1s even, and Roo = Ioo = 2 we have
from (4.35)
0 2
2 s _
(5.7) pr=a-2 (-0 2 v rg
s=" m=2
Moreover for m # O
oo
+ 2 2 2,7 + =T
(5.2) Rt - Z (-ofad)T )]
om
whence
co d 2h+2
+ 2 _ 4 2,r § 2r
(5.3) pr=1-00n l;)(—_@_) Z;Bw M
where
0o
M%h _ > a2t (K+K-)h'}
n=1 “on
(5.4)
ohtd & 21 T, +,-\h +]
M3 = % n (K& K|,
and similarly, as (R+ K+) vanishes unless n is odd
2 < 2
+ Y h 2h+
(5.5) G7 =20 ;_o (-0 Z“ My

In order to obtain & second order approximation (in ILQ) it is
sufficient to take
pPt=1+0 (oM

4

Gt = _CLQMf“ -0 6

(M;+w2M%) +0 (7).

We obtain
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(5.6) ctnab _ AL ol
* w  tanhsm [
_2 gl gt e APl vl 10?3y + ol
T 1 12 1 2 1
But
1 i 21 T (n)
- + p(n
(5.7 M= nTEt K == 2 -
1 a on S n21+2'9n tanhvnb
y S (n) >
p(n ; =
. W = X
i
T‘.qZ oT¥e ‘)no tcmmnob -5 %_ +2 v o3
o
D L
X4 e ¢ ———f + 0(£2)
tanh9y b sinh® ~»_7b
n n
., o 2 2 . o 3
with 9.~ = Vn-w_ ", and assuming # 0 for all n, whereas I

can be taken with the arguments 'Dno instead of 'Vn, A further
simplification can be ohtained if b is large (we may always assume
b>a = 57 ) this will be done below seperately. Patience only is

required to obtain a few higher order approrlmations. If a first

order approximation only is asked, we obtain, puttlng 5\ co e
where cosc@ob = 0 80 that w - ctnwb = W, 1c5b + 2)
— p(n) L
(5.8) ZJES“: Z_ - — + 0(LL7) .
© ‘W P n v b tanth b

The series converges rather rapidly, as n runs through the odd
numbers only, and the general term is O(‘n—5)e
For the lowcst frequency in particular cuob = 2T so that

\/ngb2 - % TT2

If, more in particular, the length 2b of the lake is twice 1tTs
width 2a=T, so that b:T",<@O=%9 then (5.8) becomes

£ -1 Qg ( i + 1 + 1 + )
Oy o V3 tanhitTV3 g/35" tannit V35 6as Vg tanh 3T Voo’
- 0,302.0.°

Clearly the hyperbolic tangents rapidly approach 1. This fact
may be used for the higher terms in<512 also, if b is sufficilently
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large, We shall gilve only a first order approximation 1in J&:emgmb.
Then e™2nP_ O(PB) if n>3. Moreover
-y D
g
_ € _ 2
Ctl’lh?t),‘b—/] = mw = 2]5 + O(/b )
(5“9) “’))/‘b 2
J-tanhy b = —m——— = 20 + O
s cosh Vyb jb (jb>
Hence, putting 1)
T (ap)™ " if nm#0
def mn n
(5.10) K ——
0 if n =0
we have
+ 2
K o4 = Kpq (’I+2/5) + o()?) )
. 2
(5.11) Ko = Kpq (1220 + 0(f7)
+
Koo =Ko+ o(PB) 1f n>1
Consequently
[EK+ K")ﬁ] -
mn
2h-1
~2h oy d=ed 2h-J
(6 g (1-2pdgizp 2 (=) T (5 gy ¢

(5-12) [(K+ x)" K{} -
| mn

2h+4)

2h q ]
(x A(152pd )R 2 (-1 (&%)

m

e omit the substitution of these values into (5.2) - (5.5) and
in the equations derived from them. We use them only to obtain the
second order approximation for cg if caoz'W/Qb and if b is 1large.

Finally we consider the case, dismissed above, where one of
the u)nO, vso say, vanishes. This means that w_ =58 (or -s) (s
odd) is a degenerate free frequency. The simplest case, for which

- e € ke o D T GIR G e G GRS EO% Ak G G

1) We remind that we have assumed j% # 0 for all n.




w00 =

a first order approximation is known since long (cf, Lamb, Proud-
man, Corkan and Doodson) is the lowest frequency for a square lake:
b= T, w =1,

In the case i>SO=o the argument up to (5.6) remains valld, bul
(5.7) remains true for the terms n # 5 only, whereas

(5.13) '982 = 52+D_2~a—(u3 —cg 2 - ow cg +_Q.2'-CSE
Hence M; becomes of the order © e. 9 13 and d = 0(fL) instead
of § = o(LL The term n=s 1in the first sum in the right hand mem-

ber of (5.7 ) becomes

D 2
(EE=AC 3 b

1 3 (o)) .
I+ey 2w, d +£)_2 §°

L 1
(5014> - o prod
T gelte », tanhy b

2

AL?

Hence to a first approximation we have by (5.6)

S dv _ 2Qf° 2

s s T Ttbs5é
or
2
(5.15) §= 20— +o0(% .
s~ b
For the tarticular case of the square lake (s=1, =371 ) this
becomes
§ - 2Ly onf)
T

equivalent wizsh Lamb's value.
Using (5.1%) for obtaining the second order approximation we
obtain with (5.6), (5.4)

(5.16) § =

T[’bs?- | 8 T[szst,’ 37(2 2y T n4s Y\L"\): banhﬁ)nob -

1=

Gomabs 4 6y, 208% 7 F0D ]'om.

In the special case of the lowest frequency in a sqguare lake

this becomes

. oo
. J_u T, aymt 4 4N 205 P s
(5.17) =K (14 o =)+ = %‘m;w—‘w:m +0(0°)

. o} . )
with v, = Vn -1 or, numerically




il

d

Hence, e.g. for L

0,4053 8L (1 - 0,3570LL) .

0,55 the decrease of the frequency is almost

Il

20 % overrated by taking the first approximation only.

The rectangular bay

Under the same assumptions as in section 2 we consider a rectangu-
lar bay 0 X< T, 0<y<b, bounded by impenetrable coasts x=0,
0< y< by y=0, OKXL T 3 X=T, 0Ky b and by an ocean y>» b, consi-
dered as being infinitely deep., Along The 1atter‘§ may be assumed
to be constantly zero.

In order to determine its free oscillations we start again wifth
the solution (3.4) for the infinite channel, on which we have to
impose the conditions

il

0, OLXLTT

v= 0 for v
O b9 O<X<TT *

i

for v

i

Explicitly these are

— & 1
ZLCH(&m)n cos nx + iwllsin nx) = zceea-o-(x ZT)

(6.1) ey b

M
M

€
Cge Hwn<msnx+£ﬂn%sinnﬂ =2€C X

We define (cf, also (4.26))
(6.2) pt el 5 & - def st
d{(x) def cosh 0 (x-2T)
(6.3) )
G (x) L£ sinn QL (x-37T) \
P (x) def s & & (x-2T)
(6.4)
o 1
4Hx) gg:ZECfeefL(X"§WW
and for n» 0
f £
£ def ny, TEC
(6.5) :
SN -£v_D
g%lgi mgnZCfe n
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We assume that coswb # 0 and ny,_ coshvnb 4 0 for all nx1.
This for given b is true for almost all L and vice versa, pro-
vided w is a free frequency. Then the Cs'can be solved from (6.5).
We obtain

€ 1 £y b
(6.6) C. = (v.8, tE€iwe 0or )
' 2icony_ cosh YD n-a n
n n
whereas
& 4 }
(6.7) C =%(b +&Dn7)
and
KP(X) = ﬁ/(x) ot o+ 6(x) b
(6.8)

W(x) = 0 (x) b+‘%-7(x) b .

The expressionsfor (uyv9§) become

o0
- 2 2 \
u = £Z§LE»+£L ) sin ox [?Q9f sinh »n(bmy)+ V&, COSh vn%]
4 icony,_ cosh VD '
n n
)
(6.9) v o= 21 1 [?os nx{ iewof coshavn(b—y)-vngn X
1 i&DCOSh.ihb )
X sinh vny%+
+ 2L i mxlior sinhy (b-y)+¥ g _ cosh Yyt | +
0y, ' n o~ n-n n
«ip(x) coscoy+ikp(x) sinwy
&
F =,> i [ison cos nx {icaf_ sinh v (b-y) +
1 iwn® coshyb n n

n

vngn cos vnyi +

+§zvn sin nx%ingn cosh vn(bny)—vngn sinh,xhyg] +
“4?(x) cosc3y+ikp(x) sinwy .

The conditions (6.1) become




~23 -

had Lol co 8, sin nx
o ' ; . )+ S n T T _ %
Z}fn(cos nx + e tanh Y b sin nx)+0L %; TV \P( )
oo iv Q o [ 8sin nx
(6.10) S g (cos nx + —2— tanh v Db sin nx) +fL2i_——w——-——=ﬂ#(x)
T " nw 1 n coshy b ¥

Q
L]

|2

q{éx) q)(x) coswb - iLP(x) sinwb

For{)L = O the problem again is trivial. As the cos nx for nx0
211 are independent, we obtain from (6.1), using (6.5) and (6.2):

8 - a
=Z2EC elewt)=o

(6.11) o b

< € £ -
ﬁnze C _chn € = 0

for all n. Hence also

coswhs & CE = 0
(6.12)
&
w cosh v baZC =0 .
n n

The only non trivial solutiong (i.e. such that (ujng) do not
all vanish identically) are obtained from

()™ 5 T =T (e.g.=d)

Il

coswhb =0 ; w

(6.13)

u=0 3 Vv =-+128inwy

e

; = COSwWY
and for some positive integers from
cosh .».b = 0 ;cag - 5% 4 (k+5)“TD ° o= g (e.g.= —)

u = - 1is sin sXx coshvsy
(6.14) v

S

Formally the former mode of oscillation (6.13) can be obtained

1l

ivs COS 8X sinhvsy

il

W Ccos sX coskzggy .

from the latter (apart from a constant factor) by admitting s to
take the value O also (hence arbitrary integer values).

Returning to the general case, we take the cosine coefficients

of both members of equation (6.1(. We have, using with integer m=z0




FAT b
(6.15) (e>‘X~%ATT , cOS mx) = 2 (-)" e® T-e 27?
T (A “+m”
0 if m is odd

1

(cosh QL (x-2T), cos mx)

Il

g“&
%

n L
4l sioh 3TQ . r o i even

2 2
(L " +m
(6.16) ( )
def i 0 if m is even
¢, = (sinh Q. (x-3T7), cos mx) =
i 3
_ HeosBal ip 15 odd
(L7 +m")
hence
jm = i?zg (m even)
(). "4m O
2
G, = £+ y (m odd)
fle+m2
and, by (6.8)
def 1
me = ]fmo +6m0
(6.17)
[ def + .
wm == 0,P° "%Xmg
Moreover, defining for m=0, n>0
K"@Eﬁ r1 tanklvnb
mn mn ny
n
(6.18) poGef 20y
’ mn_ 'mn noo n
g def 1
mn_ mn ncmshynb
We obtain for m>=0
[a¥) (s o)
T t 1@(12;, hmﬂn +£1 Z%'Nmngn = m
(6.19) 0 € =
& i W 22~ Hmngn LQ*Z——N f = #) 3
1 1 "mn' n & 0
provided we put
(6.20) £ %L (,0) =0 , g == (18) =0
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n=0 by requiring [ _/n —~‘ﬁ /m

We extend the definitions (6.18) to o

and rmn=0 if m=N(9) to remain valid for n=0 also:
g - def _ bp(m) tanh
mo 2 ]
m
\ def  Lp(m) _
(6.18) B — “BA %L % tanh xb
m
def  4p(m) 1
N = 2 1
mo m cosh Xb
as v =X
Then the (m,0)-componentsof K , H, N remain finite for all m »0 and
oo
vanish for m = 0, Hence the 2  in (6.19) may, because of (6.20) be

fl
replaced by Z¥ and (6.19) may be written in operatorform:

(6.21)

£+ 1wQ R f +0Ng =P
g+ 2L g

© - qﬁ’

in comparison with the case of a lake ig the
and the same

+ O NE

The main difference

following. As we saw in section 4, K~ has finite norm,

holds for N as the sums of squares of the coefficients of Tﬂmn in
these matrices converge, but not for H as Ei] Dn n-q tanh b }2
0@. Nevertheless H is bounded, i,e. if q/élg then HLPE L and
P{WI]//HQJH is bounded. In fact,
2 , . 2 A2 2
HHHUH =Z*‘n vn tanh vno lJ)\’?l g(%\xi ) C “SUHQ
where C 1s an upper limit for all . This exists, as ‘we

have suppoqed CObh v b#o for all n, if ¢!

2

so that, =max ,tanh wnbl

over all n <.CL -w", C = max (1,C') satisfies the required con-
dition. It follows lhat for all sufficiently small /o (viz.
!Il/&)lé(3(1+ J 2‘ 2) the operator
(6.22) ot &L (1 4 1L gy~
%
exists, and that
an
. )
(6.23) of = 2 (= iLyngn
3 co

The condition for existence of
type I+2’H have been investigated

inverses for operators of the

on two interesting reports by
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LAUWERIER and &G.W. VELTKAMP respectively, who used different me-
thods. For the special case H =[" Lauwerier obtained interesting
explicit solutions to which he reduced the general case where

-2
Hon =$ﬂmn + 0(n 7).
Putting
(6.24) S
we have by (6.22)
(6.25) g =0 n.

With the abbreviation
0~ def

(I%—lwflK_Y4
(6.26) %i

(6,20) leads to

h+Q N £ =Y,

6.27
027 £ =90 (Y-0na"n)
whence
(-0 metn)r = F &L o7 (P -amtyY)
(6.28)

(I-0%va Ne™)n

Il

Y -aneT

Defining the operator

1-0 %0 ey 77

oo
_ ZQQ?H (Q~NQ+N)H
0

we obtain from (6.28), (6.27), (6.26)

(6.29)

N
(6.30)
g =qF (q) -an s’ X)
We have also
(6.31) g =5 XY~

with

(o

(6.32) s 2L oT(1-n%mene™) @M = (1-0fate )
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and
-+ _ -~
(6.33) X" =a" (Y -aw ).
Between S~ and ST the identities
st 1.0 0-ns ot
(6.34%) T o+ + +
S QN = Q™ N S™
exist.

We notice that i does not occur explicitly anymore, although it
still does so implicitly, viz. through iw( K~ in Q  and through
i ééHiin Q+, hence also 1in Si.

The conditions (6.21) yield two homogeneous linear eguations
for the two Kelvin coefficients CC, or, equivalently for the b?
The free frequency condition is the vanishing of the determinant
of these equations. Denoting by fa, g€ the coefficient of be in
f, g respectively, we find by (6.8), (6.10), (6.28) into (6.30),
(6.31)

£T= 5T~ [(I+io_sinmb Ne ) [ ~Qcoswb NQ+G]
(6.35)
£ = sTq” [(I+1Qsin@b NQ+)OJ~.O_coswb N j/]

T = 570" [coswbe —(1 sinwdbT +51NQ“)3/]
(6.36)
g”= 570" Jcoswby -(1 sinwbI +f1NQ“)6“] .

The O-components of these sequences must satisfy the free fre-
quency condition

def

(6.37) A\

or, explicitly

(67 Q7Y),~ LS TQNQ 5 cos cob-iysinwab}) (5Q 5 cos cob-iy sinean]) +HOERNATY),

(6.38) . ko
(S"FQB—)O"Q(S*Q—N Q“’{(‘{ CoStwb=1Gsim wb})c (5 ® 5(3/ Co‘iu)b—i(:“s(mobb:ﬂ(s Q NQG‘)Dk

|

This is the required equation for the free frequencies w . If
it is satisfiled, ba # 0 exist, such that f and g, defined by (6.35)
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(6.36) satisfy (6.20) and (ujv,g) defined by (6.7) are the corre-
sponding modes of oscillation.

Although equation (6.38) still contains implicitly as well as
explicitly imaginary quantities, it is actually real, as can be
seen as follows. First, a’m and G”m vanish unless m is even and
odd respectively. Then the operator r , hence also K, N, H and
products of odd order of these quantities change the parity of
the suffix, whereas even order products preserve it. Finally,
taking the inner product with the constant 1 means taking the com-
ponent with suffix 0. Hence J and G occur ultimately only accom-
panied by even and odd order products respectively. Now K and H
occur in R~, L and S always with a factor i, As the left hand
member of (6.,20) can be written as a real function of Q85 s, 5,

1G, iN, it follows that all imaginary quantities cancel.

Long bay low frequencies

Because of the complicated nature of the equation (6.38) we shall
discuss in some more detail only apprcximate solutions under the

conditions 1. that the length b of the bay is large, 2. that () is
sufficiently small, More precisely, we shall discuss the zero and

first order approcimation with respect to

-y, b
def
(7"/’) /b e e /‘ b
-9
assuming. that vq is real, l.e. u)2<14+112@ Then all e E (n>1)

are O(ﬁ?), In the case of the North Sea we have roughly b=2a=2T,

0= 0,55. The lowest freguencies tend for {. —» 0 to the roots of
cos w _b=0, i.e. u)o=(k+%)Tr/b. Hence for k=0 and k=1, u30=4/4 and
uao=3/4 respectively. So/& is of the order of (roughly) e'gﬂ;e,“OE
and e"n'=0,043 respectively. So for u)oz 1/4 the zero order and
for W = 3/4 the first order approximation may be expected to be
quite good. For the frequencies which for L. — 0 tend to the
roots of coshvsob = 0 the approximation 1is no longer valid.

Now by (6.18) (cf. also (5.11))

def 7 1 - 2
K== = K~ +0(p)
mn mn r;«)n mn /5
o def noo_ 2
(7.2) H > == U = = H o +0(f )
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| > if n =
. =2/5F'm,1+o(j5) £ 1

mn 5
o([b) if n>1
In particular all terms conteining two factors N, notably the
second term between brackets in (6.32) can be neglected.
+ +

Moreover, introducing the real parts R— of Q—

def _0.2 2 S fFn oo
Rt Gef (g DL )71 5 (R g2
Lo 6] W
(7.3) def 2 S o0 on
288 (1- w0k )5 = 2 (wEaS)" (K7)
O
we have
o =rT 1 SLrtg gt -1k gt
(4% W
(7.4)

Q7 =R =10 RX =R - iw{LK R

Hence, because of the parity relations mentioned,

+ +
(@), = (B,
(7.5) (07 c), =10 o™(r"HE)

(Q7¢), = -iQw (RK)

Il

Il

O

(@ ), = 1o (RNKR W - 10T (RTERTY )
7.6 (@m"y), = -lea(RTKNR d/) - 10w (RTNERT )

('ve7o), = (RTur o), a°(R THNKR™G)

(@M G), = (RMR'&), QR xR e), .

Noticing that for arbitrary operators

(U0Y) = 2 P(UT ) g Vi (140(P))
and that n N
(R™ HN)M = (R~ K’N)o1 =0

(7.6) becomes, omitting further the O{ﬁ?) correction,

(@WQTY ), = -2iQwp(RTT) 4 (KR ),
CRaN

)

) = ~21_(')_c.o"1j5(R ) o1 HR{
(77 (a*wa G,

)

i

2p(RTT), (R o),
-

(@mte), =ep(R M), (RTe),

il
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Consequently the zero order approximation of (6.38) becomes

(Q“J)O (Q+G‘)OCoswb - i(Qer)osin@b

A -
° (@), (a7 )) coswb - 1(Q5) sinwb
(7.8)
(7)), -0 o Y(RYEG) coswb - 1(R'f) sinwd
) —iglCL(R—Kzs)o (R+5)Ocosu3b -Iltufﬂ(R+HC7)o sinwb
or
(7.9) Ao=qﬁm<mswb - A, sinwb
with
(R™) ), Q(RTHE),
p def
o -OL(RTEG) (R+2f)o
(7.10)
(R7f ) (R,
A et
o3 SL(R-K_G')O 17_®“1(R+HCF)O

The first order correction 1s

Qe NQTs) coswb-i(@Na™4) sineb (2%6) coswb-1(Q'7) sinwb
o o o U’o

Aj:—fl — ot oilo ot neb  (oF oot (ot b
(Q'NQTY) coswb-1(Q7NQ @) sinw (@7)) coswb-i(a @) sinw

@), (@M,

- + -
(@), (' NQG),

+00L

| (-R+G‘l, coswh -.('2.w-1(R+H 6)1 sinwb S0 (R HG>OCOSCQ\’3 -1 (R'\'Zf >o Sinwb
=-20p(RT) 4

_.iﬂ.co_“(P*HJl cos wb-i(RG),snwb (W&’)o caswb-fLw” (RTHE), sinwb

CR_&/}; -1l (;R_\'(”Z)/%

+2ﬂﬁ@ﬁﬂ

]

H0e(R KT, (RO,

i
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(R, 06 (REY),

7.11) a4, = 20 PR
(110 g = 2BRPEDo | gy, (5760,

T }(R+O‘),] as (RTEG),
- L/5 o1 | __Qw—ﬂ(RJrHJ)q (RJWO

[}

Our approximate equation having the form

(7.12) OHocoswb ~A o osinwb + A, =0
where &, = O(ﬁ)s the zero order approximate solution is
(7.13) w = -+ arc ctn Lo 0(R)

’ b A ]3

oc

and the first order one

(7.14) w = 2 [arc ctn AOS%— A (A 2+4s2)“%] + 0f 2)
b Boc 1 o 0% ﬁ

In order to get more explicit results we restrict ourselves to
the case where (L is small and where the oscillation passes for
) —> 0 into one of the simple one-dimensional ones (6.13), having
a frequency w_ = (k+%) /b satisfying cos w b = 0. We assume that
there 1s no degenerationp i.e. that for this value W of w and
O =0 all & ©

o(QM) 1n01u31vc, treating P and !L as being of equal order, and

are # 0, We shall give the approximation up to

later explicitize further the first order approximation which is
O(SLQ), We notice that '6 = U4 sinh 3O /T is o(1) in SL (viz.
240(0L7), that a1l  _ for m>1 are 0(L%) and all G ae0(0).
Consequently for n >

2n 2n P
(B )= 2 (N g (i = 0025
H = 0 because of H,_ =0 for all k.

ok "k
= 0(L0L7) for n>1, and (H nMG) = o(LL),

2n
as (H™) g

Similarly ((
(k7))

J o+ o

)
+
SN
>
Il
™M
T
|2
=
o
]
SN
N

(not only O(Ilz))
(RY), =

il
T
O

F
P

o
no
=<
O\./
+
<
S

and similarly
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JO'QFQ

il

(R ) 2UEDP 1), + o)

Further

i

(R'HG), = (HO), + 0(1)
(R'KG), = (K G ), + o(n3) .
Consequently by (7.10)

[ -wfaf(x)? ), e,

A= +<MIL6)
-Q (K G
(7.15) ( o 5; 0% (H J
= 2{02 + 0(17_4)
i
Ac>s - JO QXD +0O(L05)=
(e ) -0 (k) ), wHe) s’ nf (e, ]
(7.16)
=QJ@1@"1(HG')O-@(K'G)O]—l—
SRR Lw~3(HBG)O _wg((K.‘.)%_)O} + o(00)
(7.17) A, = o(f)f‘fbe) ,
Hence by (7.13) the first order approximation is, putting
(7.18) m::womé

whence ctnwb + tandb =db + O(CSB) and cgzcg,! + O(Q.br,ﬁ)) with

(7.

) =07 D /A, + 0(p)

19)
102 () (1e) men (Ke ), |

1t

and the second order approximation § = 6\2 + O(IL6,/32) with

(7.20)

c52 = b'/}[é /D, 50,8, 2+A 2)‘%} + O(J’ag)

2:61 (1 T 11 BINEY S l§13 Lu) G‘)O—LJB(K‘)BG“);1
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Now, writing again 'vno for \Jn2-c902

o 9  tanh 9D
(110‘)0 = Zq: Fon e - i G‘n = 1—_——9_ cosh 3L ¥
i

ng(n2+flg)
Co 1 s ©
6o 2 P oy 2 2
= ) Z_ I -+ C(—Q— [:3 )
T 1 n
(7.21)
(KG/U " On_l’lvn G‘n—*‘—'—;—é‘ Z/}__m:a +
+o(n?, po)
so that (7.19) becomes
Jq 851? 2 (nz—EmOg)pn
(7.22) e
C":"o T\'b (JJO 1 n '})n

We shall not explicitize (7.20), where e.g. the difference be-
tween u;z and coog implicit in vn has to be taken into account.
For the special case b=2171T, a30=4/4 (lowest ocsillation of

llorth Sea-like bay) (7.22) becomes

d 2
i _ent (T, T, 199 )

- e B @ ®

©w g 73 Vs 81VAks 6251399

Hepce w is for () = 0,55 about 63% larger than it would be for

0. = 0. Actually we have to this approximation w = 0,42 instead of

w = 0,25, In ordinary units the oscillation time ZTchnq becomes

- —2.010%

to this approximation 15 instead of 25 hours. It must, however,
be reminded that the neglect of the terms O(IL?) is decidedly too
rough for this application.
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